In tapping-mode atomic force microscopy, nonlinear e¤ects due to large variations in the force …eld on the probe tip over very small length scales and the intermittency of contact may induce strong dynamical instabilities. In this paper, a discontinuity-mapping-based analysis is employed to investigate the destabilizing e¤ects of low-velocity contact on a lumped-mass model of an oscillating atomic-forcemicroscope cantilever tip interacting with a typical sample surface. As illustrated using two tip-sample force models, the analysis qualitatively captures the potential loss of stability and disappearance of a lowcontact-velocity steady-state response. The quantitative agreement of the predictions of the discontinuitymapping-based analysis with direct numerical simulations, at least for su¢ciently low-velocity contact, supports its use in the passive redesign or active control of the tip-sample mechanism for purposes of preventing such a loss of stability.
Introduction
Nanostructured materials and devices can be endowed with novel physical properties that make them suitable for a wide range of applications. Carbon nanostructures exhibit hydrogen-adsorbing characteristics only for su¢ciently small deviations from the near-grazing conditions, the approach appears to yield accurate qualitative information even for larger deviations.
Atomic-force microscopy
The invention of the atomic force microscope [3] has revolutionized surface science paving the way for direct measurements of intermolecular forces and topographical mapping with atomic precision for a wide array of materials including semiconductors, polymers, carbon nanotubes, and biological cells (see [13, 16] for current reviews).
The fundamental physical component of an atomic force microscope is a cantilever beam (» 100 ¹m in length) with a …nely engineered tip (normally a 3 ¹m tall pyramid with » 30 nm end radius [1] ). Atomic force microscopy is most commonly performed in one of three di¤erent modalities, namely, contact mode, noncontact mode, and tapping mode (TappingMode TM is a trademark of Digital Instruments Inc.). In contactmode microscopy, the cantilever tip remains in contact with the sample surface and direct measurements are made based upon the cantilever response as the tip interacts with the surface. Despite its great success, contact-mode microscopy raises concerns about strong adhesive forces, friction, damage to soft samples, and poor repeatability of measurements. The non-contact and tapping-mode modalities emerged largely in an attempt to resolve these issues. These measurement techniques are often referred to as dynamic atomic force microscopy [2, 12, 14, 20, 22, 23, 29] .
In non-contact and tapping-mode atomic force microscopy, excitation of the cantilever support and control of the sample position is used to generate an e¤ective oscillation of the cantilever tip relative to the sample.
As the cantilever tip approaches the sample surface, it experiences an increasing attractive van-der-Waals force toward the sample. As the distance between the cantilever tip and the sample surface falls below a critical distance, there is a change in the interactions between the tip and the sample due to the relatively abrupt onset of a strong repulsive force (due to Pauli and ionic exclusion) corresponding to 'contact' with the surface. This repulsive force acts for a very short time (as compared with the period of oscillation). Upon the cessation of contact, the cantilever tip continues to vibrate away from the sample under the in ‡uence of the restoring spring force of the cantilever beam and the attractive van-der-Waals force.
In non-contact mode microscopy, the tip remains separated from the sample at all times, yet gets suf…ciently close to have its dynamics a¤ected by the attractive interaction between the tip and the surface.
As the tip only samples the attracting region, the e¤ects on the tip motion are relatively weak, resulting in poor resolution and noise sensitivity without appropriate signal conditions. Non-contact mode microscopy also requires careful control to avoid undesired contact between the tip and the sample.
In contrast, in tapping-mode microscopy, the cantilever oscillates near the sample surface making very short intermittent contact, thus sampling the attractive as well as repulsive e¤ects of the surface interactions.
This results in a signi…cant strengthening of the e¤ects of the sample interactions on the tip dynamics.
Commonly, the oscillation amplitude is held …xed through a feedback loop that controls the o¤set between the sample and the cantilever's neutral position. As the cantilever traverses topographical features of the sample, the change in o¤set is measured and related to the surface geometry.
As tapping mode involves only intermittent contact, it greatly reduces the e¤ects of adhesion and friction on the dynamics of the cantilever tip. Relatively low contact velocities also imply signi…cantly less damage to the surface as compared to contact mode. Consequently, tapping mode has become the method of choice for high-resolution topographical measurements of soft and fragile materials that are di¢cult to examine otherwise. In addition to topographical measurements, tapping-mode microscopy can also be used to sample elastic, viscoelastic, electrical, and thermal properties of the surface through a variety of methods of signal processing (e.g., [8, 17] ).
The complete physics of the interactions between the tip and the sample are very complex. In addition to the crude features introduced in the previous paragraphs, a detailed analysis would also include such e¤ects as sample and tip plasticity, capillary e¤ects (for samples once in contact with water, such as many biological samples, a thin layer of water remains on hydrophilic surfaces that must also be penetrated), adhesion, tip and sample degradation and, in viscous ‡uids, the ‡uidic coupling due to viscous drag between the tip and sample.
A piecewise-linear model
In tapping-mode atomic-force microscopy, vibrations of the cantilever tip are induced through oscillations of a dither piezo at the cantilever support, as shown in the left panel of Figure 1 . The tip dynamics are often modeled using a lumped-parameter formulation as suggested in the right panel of Figure 1 , as obtained, for example, by a Galerkin projection of the partial di¤erential equations governing the cantilever deformation onto a fundamental vibratory mode in the absence of the excitation. Here, m represents the lumped mass of tip and cantilever, k represents the lumped sti¤ness of the cantilever, and the damping coe¢cient c takes into account intrinsic damping of the cantilever and damping forces due to the ambient environment. Oscillations of the dither piezo are described by a sinusoidal function b (t) at some frequency ! that is usually close to the fundamental frequency of the cantilever, ! 0 = p k=m. Moreover, x measures the relative displacement of the tip to its equilibrium position in the absence of support oscillations. Finally, F ts represents the lumped tip-sample interaction force combining long-range attracting forces as well as short-range repelling forces. In this section, we adopt the model of Sebastian et al. [24] , where the tip-sample interactions are modeled using a piecewise linear force F ts given by
(cf. Figure 2 ). Here, s characterizes the equilibrium separation between the cantilever tip and the onset of the repulsive forces (corresponding to deformation of a linear spring with positive sti¤ness), d represents the distance from the onset of the attractive forces (corresponding to deformation of a linear spring with negative sti¤ness) to the onset of the repulsive forces and re ‡ects a material property of the sample, and k a , c a , k b , and c b describe the attractive and repulsive forces, respectively (see [28] ).
Consider the state vector
where µ = !t mod 2¼. The dynamics of the cantilever then correspond to the vector …eld
where » = Table 1 , describes a system consistent with the one studied both experimentally and analytically in [24] . We distinguish between free oscillations, for which x min + s > d, non-contacting oscillations, for which 0 · x min + s · d, and contacting oscillations, for which x min + s < 0.
Methods for simulation and for …nding periodic solutions of piecewise-smooth systems can be found in, e.g., [15, 19, 27] . Figure 3 shows variations in the tip oscillation amplitude x max under changes in the equilibrium separation s for a range of values of s corresponding to that reported in [24] . As also supported by the use of the method of harmonic balance in Sebastian et al. [24] , there exists a range of values of s, over which competing periodic system attractors coexist. Here, the upper branch of periodic solutions consists of contacting oscillations corresponding to tapping-mode operation of the microscope, while the lower branch consists of non-contacting oscillations corresponding to non-contact-mode operation. It has been suggested that this coexistence is a cause of reduced imaging quality during nominally tapping-mode operation (e.g., [11] ). Indeed, as supported by numerical analysis of the sizes of the basins of attraction of these competing attractors as well as their range of existence under variations in the equilibrium separation, it is possible that variations in s (resulting from the imposition of the most-commonly used feedback scheme discussed above) would result in uncontrolled jumps between the two types of attractors. Such jumps has also been documented experimentally (e.g., [11] ). A more comprehensive bifurcation study of periodic system responses is shown in Figure 4 , which depicts variations in the phase shift of the system response relative to the excitation under changes in the equilibrium separation s. Clearly, for su¢ciently large equilibrium separations, the cantilever tip exhibits free oscillations that are not in ‡uenced by interaction forces with the sample and for which the phase shift (here ¼ ¡90 ± )
is independent of changes in s. At a critical value of the equilibrium separation denoted by A in Figure   4 (cf. Figure 5 ), the corresponding minimum x min lies on the boundary corresponding to the onset of the attractive force, i.e., x min + s = d. As seen in Figure 4 (cf. between the contacting and non-contacting system attractors would also be observed under increases in the equilibrium separation past the point denoted by SN 2 in Figure 4 corresponding to a regular saddle-node bifurcation. We note that the piecewise-smooth function shown in Equation (1) is an approximation of the actual tip-sample interaction, which is smooth but experiences rapid changes in character over very short distances. The points of grazing contact in Figure 4 are therefore artifacts due to discontinuities introduced in the mathematical model. However, saddle-node bifurcations and the associated hysteresis as well as rapid changes in the bifurcation diagram are real characteristics of the cantilever dynamics and have been observed experimentally.
As will be shown below, the saddle-node bifurcation SN 1 is intimately associated with the grazing contact at C. Although such saddle-node bifurcations are common characteristics of nonlinear systems (cf.
the regular saddle-node bifurcation at SN 2 ), we prefer to refer to this bifurcation as discontinuity-induced, since it could not be anticipated from the behavior of the Floquet multipliers to the right of or at the parameter value corresponding to the grazing contact at C. Such discontinuity-induced bifurcations and the associated dramatic changes in the existence and stability of recurrent motions have been extensively documented in the literature (e.g., [9, 4, 7, 27 ], see also [25] in the context of atomic force microscopes). As originally conceived of by Nordmark [21] (but see also [4, 7, 28] ), the method of choice for their analysis relies on the introduction of local descriptions of the dynamics in the vicinity of points of grazing contact, so-called discontinuity mappings.
Discontinuity Mappings
As suggested above, discontinuity-induced bifurcations in the cantilever dynamics are associated with periodic trajectories that achieve grazing contact with a state-space discontinuity at some point x ¤ along the trajectory. Guided by these observations, restrict attention to grazing trajectories that either have no or only transversal intersections with all system discontinuities other than at x ¤ . Speci…cally, assume that the system discontinuity can be described by a discontinuity surface D locally de…ned by the zero-level surface of a smooth event function h D , such that h D (x ¤ ) = 0 and rh D (x ¤ ) 6 = 0 and such that, without loss of generality 1 (see [7] ), h D is linear to su¢ciently high order on a neighborhood of x ¤ . Suppose, moreover, that the ‡ow of the corresponding dynamical system is locally governed by the di¤erential equations
where f 1 , f 2 , and the associated ‡ow functions © 1 , © 2 can be smoothly extended to a neighborhood of x ¤ .
Suppose that F, G, and H are three vector …elds with coordinate representations F i , G i , and H i , respectively, and let the derivative with respect to x j be denoted by a ;j subscript. Then, in the following discussion, denote by DF the tensor …eld whose coordinate representation equals F 
and
for m = 1; 2, i.e., that x ¤ is a quadratic local minimum in the value of h D along ‡ow trajectories corresponding to © m for m = 1; 2. By continuity, it follows that all ‡ow trajectories corresponding to © m for m = 1; 2
close to x ¤ achieve a local minimum in h D in the vicinity of x ¤ . Indeed, in the case of © 1 , these minima lie on a local Poincaré section P given by the zero-level-surface of
such that x ¤ 2 P.
Now consider an incoming trajectory segment of © 1 that intersects P at a point x 0 ¼ x ¤ . We then seek to introduce a discontinuity mapping ¢ : P ! P, such that ¢ (x 0 ) is the intersection of the corresponding outgoing trajectory segment of © 1 as shown in Figure 6 . In particular, if h D (x 0 )¸0, it is trivial to see that
, where t 1 < 0 is the time of ‡ight from x 0 to x in on a trajectory segment of © 1 ; t 2 > 0 is the time of ‡ight from x in to x out on a trajectory segment of © 2 ; and t 3 < 0 is the time of ‡ight from x out to x 1 on a trajectory segment of © 1 . Figure 6 : Near-grazing trajectory segments used to illustrate the construction of the discontinuity mapping. Here, the ‡ow on the left of D is governed by f 1 while the ‡ow on the right is governed by f 2 : Solid curves represent actual trajectories whereas dashed curves correspond to virtual trajectories under the © 1 ‡ow that would occur in the absence of the discontinuity surface D and the associated switch of vector …eld.
Now suppose that
where, in the case of the piecewise linear model of the cantilever dynamics,
in the analysis of the grazing contact at A;
in the analysis of the grazing contacts at B, D, and E; and
in the analysis of the grazing contact at C. Since grazing contact points are local minima of h
actual trajectory virtual trajectory trajectory,
where x ¤ equals d ¡ s or ¡s, respectively. It follows thatf ¤ = 0 and thus that f
e., the vector …eld has at most a discontinuous derivative across each of the state-space discontinuities. Moreover, since rh D¤ ¢ Df ¤ = 0, it follows that a 1 = a 2 = a.
Lowest-order analysis
A functional expression for ¢ can be obtained using either the implicit function theorem [4, 28] or using perturbation analysis [7] . Whereas the former method yields ¢ in terms of a series expansion in the deviation x 0 ¡ x ¤ , it provides no information regarding the relative importance of di¤erent terms or appropriate orders of truncation in seeking approximate expressions for ¢.
In contrast, through an explicit perturbation ansatz, a natural ordering of terms is introduced through the classical O notation. Consider, for example, the scaling
¢ be the time of ‡ight from x 0 to x in . Then, using the fact that
for small t, it follows that
where¯1
Recalling that rh D¤ ¢ f ¤ = 0 and using the fact that h D (x in ) = 0, it follows that rh D¤ ¢¯1 = 0 and thus
be the time of ‡ight from x in to x out . Then,
From h D (x out ) = 0, it then follows that
Finally, let t 3 = "¿ 31 + " 2 ¿ 32 + O ¡ " 3 ¢ be the time of ‡ight from x out to x 1 . Then,
where¯3
Since h P (x 1 ) = 0; it follows that
i.e.,
for rh D¤ ¢ ±x 0 < 0.
From the relative ordering of the terms on the right-hand side in the above expression for ¢ (x 0 ) ¡ x ¤ , it follows that, for su¢ciently small deviations x 0 ¡ x ¤ away from the point of grazing contact,
Mappings for Deeper Penetration
For larger deviations x 0 ¡x ¤ , higher-order terms in the series expansion for ¢ may yield signi…cant corrections to the identity. For such deviations, however, the relative ordering introduced through the scaling with " breaks down and no obvious order of truncation is evident. Of course, higher-order terms in x 0 ¡x ¤ may also become important for relatively small deviations if, for example, some of the coe¢cients of the O ¡ " 3 ¢ terms are orders of magnitude larger than the remaining coe¢cients. To capture this possibility within the above approach, it is necessary to allow for the perturbations to f in f 2 to contribute additional terms to O ¡ " 2 ¢
or O (") in the expression for x out , as such terms would result in a potentially di¤erent expression for ¿ 21 and de…nitely a di¤erent expression for ±x out . Two approximate expansions based on such a construction are derived in this section.
Dankowicz and Nordmark [4] ). Let again t 2 = " ¿ 21 + " 2 ¿ 22 + O ¡ " 3 ¢ be the time of ‡ight from x in to x out .
Then,
where¯2
Under the assumption that rh D¤ ¢ g ¤ = 0 (which is certainly true in the case of the model of the cantilever dynamics) and using the fact that h D (x out ) = 0, it again follows that
Finally, let
be the time of ‡ight from x out to x 1 . Then,
From the relative ordering of the terms on the right-hand side in the above expression for
it again follows that, for su¢ciently small deviations x 0 ¡ x ¤ away from the point of grazing contact,
where b = ¡rh P¤ ¢ g ¤ and y = p ¡rh D¤ ¢ ±x 0 . In the case of the piecewise-linear model of the tip-sample interaction force,
i.e., the dominant correction to the identity is given by a displacement in the µ-direction. It follows that for
the corrections to the identity in the above expression for ¢ are comparable in magnitude, while orders of magnitude larger than higher-order terms (as long as their coe¢cients are O (1)). As already argued in Dankowicz and Nordmark [4] and as established using a computer-algebra implementation of the method proposed in Zhao and Dankowicz [28] , whenf´0, the expression (35) captures all terms up to and including third order in " in the sense of the perturbation ansatz introduced in the previous section.
Perturbations at O ("): Suppose, instead, that " ¡2 ¼ kg ¤ k for " ¿ 1 and letĝ (x) = " 2 g (x) (cf.
Dankowicz and Nordmark [4]). It follows that
where
, and ¿ 11 was given in the previous section. If we write the solution to this initial-value problem as
it follows that
where we have used the fact that for the dynamical system describing the cantilever dynamics
Whenb > 0, the initial-value problem (42) is satis…ed by
Moreover, since h
and thus
Finally, let t 3 = "¿ 3 ; such that
Indeed, since ±x 0 = " 2 ±x 0 , we can add ±x 0 to the right-hand side without changing the order of approximation.
where y = p ¡rh D¤ ¢ ±x 0 . Since
it follows that the above mapping reduces to Equation (35) for su¢ciently small deviations ±x. Signi…cant di¤erences between the mappings (56) and (35) are obtained for
and thus only observable for small deviations in the case that a 2b is small. Under this assumption, the mapping (56) is thus more exact, in the sense that it extends the mapping (35) to a larger range in x.
Moreover, as x increases, the arctan function begins to saturate, leaving the square-root term as dominant.
Such square-root terms are generic of systems with discontinuous forces or in impact oscillators (but see also analysis of the cantilever dynamics using a square-root map in [25] ).
In the case thatb < 0, the initial-value problem (42) is satis…ed by
(59)
from which it follows that
it again follows that the above mapping reduces to Equation (35) for su¢ciently small deviations ±x. In this case, however, small values of a 2b imply that the dominant behavior even for relatively small deviations is governed by the rapid growth of the tanh ¡1 function.
Global Analysis
Since the grazing periodic trajectory achieves a quadratic local minimum in h D at x ¤ , it follows from the implicit function theorem that there exists a smooth Poincaré mapping P smooth : P ! P on a neighborhood of x ¤ obtained by ignoring the switch described by F 2 in the vicinity of x ¤ , such that P sm ooth (
Then, by the above construction, it is possible to construct a Poincaré mapping P that accounts for the presence of the discontinuity D and the brief, but non-negligible contribution of F 2 through the following
Here, P smo oth may be locally approximated by its linearization x ¤ + DP As shown above, for su¢ciently small deviations ±x away from the point of grazing contact,
It follows that the composite Poincaré mapping is continuous at x ¤ and that, for a hyperbolic grazing periodic trajectory, there is a unique branch of periodic trajectories (passing through the grazing trajectory) on some small neighborhood in parameter space containing the parameter value corresponding to grazing. Similarly, the eigenvalues of DP evaluated on this branch change continuously on some neighborhood of this critical parameter value.
The composite Poincaré mapping (65) may be simulated on neighborhoods of x ¤ to investigate the dynamics in the vicinity of the grazing trajectory. Moreover, the in ‡uence of a parameter ¹ on the existence and stability of recurrent motions in the vicinity of a grazing periodic trajectory may be studied by considering an augmented dynamical system corresponding to the inclusion of ¹ in the state vector and recognizing that
In the case of the piecewise-linear model of the tip-sample interaction force, …ve distinct grazing trajectories can be found for the parameter values given in Table 1 . The corresponding values of the equilibrium separation s, the cantilever displacement x; and phase shift µ are given in Table 2 . As an example, Figure 7 shows the predictions of the discontinuity-mapping approach regarding the changes in system response associated with variations in the equilibrium separation as compared to numerical simulations of the original system of di¤erential equations in the vicinity of the grazing periodic trajectory corresponding to the point C in Figures 4 and 5 . Here, the two approximate forms of the discontinuity mapping derived in Section 4.2 are given by
whereas the complete series expansion to order three in " according to the ansatz in Section 4.1 yields
In these expressions and in all similar numerical expressions, lengths are measured in units of nanometers and time intervals in units of microseconds.
The di¤erence between (67) and (69) originates in the nonvanishing of thef term near x ¤ C . Given the local nature of the expansion derived above, the predicted results are in excellent agreement with the simulated data. Indeed, from Table 2 it follows that the mapping (56) is expected to deviate measurably from (35) for
¡3 in agreement with Figure 7 . As shown in the lower panel of Figure 7 , numerical simulations
show that under further increases of the equilibrium separation, the largest-in-magnitude eigenvalue of DP evaluated on the branch of unstable contacting oscillations reaches a local maximum near s ¼ 0:005 nm:
The composite Poincaré mapping obtained by using Equation (35) fails to capture this local maximum, instead predicting an ever increasing eigenvalue. In contrast, the composite Poincaré mapping obtained by using Equation (56) are not expected until relatively large deviations from x ¤ at which point it is di¢cult to assess the relative importance of higher-order terms. As an example, the truncated form of the discontinuity mapping at the point A is given by Figure 8 shows close agreement between the discontinuity mapping approach and numerical simulations.
Here, the corresponding branch of periodic trajectories is, to lowest order, una¤ected by the onset of the attractive forces and is closely approximated by the free oscillation at A. From
it follows that for s . s piecewise-smooth vector …elds and is not restricted to the piecewise-linear case. Indeed, consider the model of Yagasaki [26] (cf. García & San Paulo [10] ; Lee et al. [18] ), where the tip-sample interactions are modeled using a piecewise-nonlinear force F ts given by
Here, the positive parameters ® and¯describe the strength of the attractive and repulsive interactions respectively. Following the DMT theory of Derjaguin et al. [6] , the force interactions during contact between the tip and the specimen (i.e., for x + s · 0) are modelled by a combination of surface adhesion and the restoring forces generated by an elastic sphere pushed against a ‡at surface. In particular, at the onset of contact, the adhesive force is here taken to equal the van-der-Waals force corresponding to a characteristic intermolecular distance a 0 .
In contrast to the piecewise-linear model, the present model possesses only a single state-space surface of discontinuity, corresponding to the zero-level surface of the event function h D (x) = x + s, separating non-contacting from contacting oscillations. Moreover, here
andf = 0, such that a 1 = a 2 = a and rh D¤ ¢ g ¤ = 0. The left and right panels of Figure 9 depict variations in the penetration and the phase shift of the system response relative to the excitation under changes in the equilibrium separation s obtained through orbit continuation using the parameter values shown in Table 3 . Again, for su¢ciently large equilibrium separations, the cantilever tip exhibits essentially free oscillations that are not in ‡uenced by interaction forces with the sample and for which the phase shift is independent of changes in s. A branch of non-contacting periodic attractors emanates from C in the direction of further decreases in the equilibrium separation. As in the case of the piecewise-linear model, this branch appears to experience a rapid change in slope in the immediate vicinity of C, and a subsequent disappearance in a saddle-node bifurcation of the corresponding contacting oscillation under further decreases in s. All other things being equal, under further decreases in s past the point C, the system response would experience a transient jump to the contacting system attractor with a dramatically di¤erent phase shift. A similar jump between the contacting and non-contacting system attractors would also be observed under increases in the equilibrium separation past the point denoted by SN 2 in Figure 9 corresponding to a regular saddle-node bifurcation. the discontinuity-mapping approach and the numerical simulation data. A systematic way of reducing the rapid variations of the vector …eld near the onset of contact to a more representative system discontinuity for purposes of applying the discontinuity analysis will not be pursued here, but see Dankowicz [5] .
Conclusions
Parameter hysteresis in the system response of atomic-force microscope cantilevers may lead to distorted images during nominally tapping-mode operation. In this paper, we have studied the associated coexistence of branches of stable periodic oscillations of the cantilever tip and their termination points under variations in the equilibrium separation between the cantilever tip and the sample surface. In particular, we were able to associate the hysteresis e¤ect as well as other peculiarities of the bifurcation behavior to parameter values corresponding to the existence of periodic oscillations that make grazing contact with system discontinuities.
A local analysis based on the concept of discontinuity mappings was subsequently employed to predict the bifurcation characteristics in the vicinity of such points of grazing contact in terms of properties of the forcing on neighborhoods of such points.
Experimental observations reported in the literature and reproduced in preliminary studies by the present authors show that the loss of stability associated with the saddle-node bifurcation near the point C in the present study may also occur in the vicinity of the other grazing points, most notably the transition point A between free and non-contacting oscillatory solutions. As suggested by the above analysis, the cause of such loss of stability lies in the material properties of the cantilever and in the properties of the tip-sample interactions. The ability to predict the outcome of grazing contact based on these parameters using the tools 24 introduced here can thus be used in the passive design as well as active control of atomic-force microscopes for tapping-mode operation. Such an e¤ort is currently being pursued by the authors and will be reported elsewhere.
